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Abstract 
Simulation studies of the atomic shear stress in the local potential energy minima (inherent 
structures) are reported for binary liquid mixtures in 2D and 3D. These inherent structure 
stresses are fundamental to slow stress relaxation and high viscosity in supercooled liquids. 
We find that the atomic shear stress in the inherent structures (IS) of both liquids at rest 
exhibits slowly decaying anisotropic correlations. We show that the stress correlations 
contributes significantly to the variance of the total shear stress of the IS configurations and 
consider the origins of the anisotropy and spatial extent of the stress correlations.    
 
1. INTRODUCTION 
Microscopic accounts of the physical properties of  low temperature liquids rely heavily on 
the use of local minima in the potential energy surface of the configuration space made up of 
the coordinates of all N particles [1]. These local minima, referred to as inherent structures 
(IS), represent local groundstates for the liquid. As the temperature is decreased, the 
trajectory of the liquid through its configuration space exhibits an increasing tendency to get 
trapped about local minima until eventually escaping via an activated process. This means 
that the properties of the liquid will increasingly reflect those of the associated inherent 
structure as the temperature is lowered. The idea of treating a liquid in terms of reference 
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solids represents an explicit realization of the view that goes back to Frenkel’s  1946 
proposition [2] that rigidity coexists with the fluidity of a liquid so that as the latter property 
decreases, on cooling, the features of the underlying solid reference states become manifest.   
Inherent structures have proven particularly useful in treating the (metastable) equilibrium 
properties of the supercooled liquid. The configurational entropy has been obtained from the 
dispersion of inherent structures in energy [3] and the equation of state of the supercooled 
liquid has been expressed as the ensemble of inherent structures treated as Einstein solids [4]. 
The relationship between the inherent structures and relaxation kinetics is less direct. 
Detailed analysis [5] of the slow relaxation dynamics has demonstrated that multiple 
transitions can occur between a set of IS’s before the trajectory irreversibly escapes from its 
initial region of configuration space. It is this collection of IS’s, referred to as a metabasin 
[6], rather than the individual minima, that represent the persistent physical constraint that 
requires the activated transitions for their relaxation. 
The fundamental measure of ‘fluidity’ or its inverse, shear viscosity, is directly related to the 
relaxation of the shear stress fluctuations. The enormous increase in the shear viscosity as the 
glass transition is approach on cooling is a direct consequence of the growing persistence of 
shear stress fluctuations [7]. Recently, we demonstrated [8] that the inherent structures 
exhibited a distribution of shear stress.  This residual or IS stress represents an obvious 
candidate for the persistent stress fluctuations at the heart of viscoleastic behaviour and, 
ultimately, the glass transition. Since the slow component of the shear stress is really that 
associated with a metabasin rather than an individual inherent structure,  the correspondence 
will not be exact. Nevertheless, the IS stress provides an accessible nontrivial case of 
persistent stress fluctuations in amorphous materials and so their characterization is of 
interest. 
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In this paper we shall examine the IS stress fluctuations in 2D and 3D glass forming 
mixtures. We shall establish that long range correlations in stress exist in both 2D and 3D 
inherent structures and examine the how the fluctuations in the atomic stress contribute to the 
total variance of the inherent structure stress.  The origin of the anisotropy of the stress 
correlation is examined and the significance of the inherent structure stress with respect to the 
mechanical properties of the supercooled liquid is discussed.   
2. MODEL AND ALGORITHM 
We have carried out constant NVT molecular dynamics (MD) simulations of two well 
studied models of glass forming binary alloys. In 2D, we have examined a binary mixture of 
soft disks introduced by Perera and Harrowell [9] and, in 3D,  a binary Lennard-Jones (LJ) 
mixture due to Wahnström [10]. These potentials have been truncated at a distance 
225.4 arc   where a22 is the larger diameter and the potential shifted so that 
)()()(
~
cijijij rrr   . The following reduced units are used throughout the paper: length 
=length/a11, time  
2/12
111 )//( amtt  ,  temperature /TkT B , pressure (stress) /
3
11PaP   
and energy /EE  . Unless otherwise indicated, the following number density ρ and 
number of particles N were used: ρ =0.7468 and N=1024 (2D) and ρ =0.75 and N=1024 (3D). 
At these densities, the freezing temperatures for the respective crystal phases are Tf(3D) = 0.6 
[7] and Tf(2D) ~ 0.70 [11]. Inherent structures are generated by carrying out a conjugate 
gradient minimization of the potential energy from configurations generated at time intervals 
of dt = 0.003 τα along a given trajectory, where τα is the stress relaxation time obtained from a 
stretched exponential fit to the long time tail of the shear stress autocorrelation function. For 
the calculations of the spatial correlations of stress presented in the following Sections, we 
have averaged over 20,000 and 5,000 inherent structures for the 2D and 3D liquids, 
respectively.  
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3.1 LONG RANGE CORRELATIONS OF THE INHERENT STRUCTURE STRESS 
The total shear stress of an inherent structure xy can be written in terms of the sum over the 
contributions per particle sxy(i) , i.e. 
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where a and b refer to choices of the Cartesian axes and r
a
 is the projection of the vector r

 
onto the a axes. In the following discussion we shall refer to sab(i) as the atomic stress even 
through, strictly, we should divide this quantity by a local volume in order for it to have units 
of stress. The choice of local volume plays no role in the contribution of the atomic stress to 
the total stress as defined in Eq. 1.  
The total IS shear stress variance   2xy  can be expressed in terms of the atomic shear 
stress sxy as follows,  








 
N
i
N
j
xyxyxy jsis
V
)()(
1
2
2        (3) 
and the relevant atomic shear stress correlation function )(rC

is defined as
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Figure 1. A diagram identifying the angular components θ and ϕ of the vector r

. 
To depict the shear stress correlation function in the 3D liquid we shall make use of a number 
of projections. As shown in Fig. 1, the xy plane includes the angle θ while the angle ϕ 
corresponds to directions out of the xy plane with ϕ = π/2 corresponding to the xy plane . In 
Fig. 2 we plot C(r,θ,ϕ) in the (θ,ϕ) plane at a radial distance of r = 1.0. The striking peaks 
encountered as we vary θ at ϕ = π/2 will be addressed shortly. The main message from Fig. 2 
is the stress correlations decay quickly in the ϕ direction to a value that shows little variation 
in θ. We conclude that in the 3D liquid, the shear stress correlations are dominated by 2D like 
correlations in the plane corresponding to the Cartesian coordinates used to define the shear 
stress. 
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Figure 2. ),,( rC  for the 3D (L-J) mixture plotted as a function of ),(   for r = 1.0 for the 
inherent structures of the 3D mixture generated from a parent liquid at Tpl=0.60. The 
magnitude of )(rC

is color coded, as indicated, with red positive and blue negative. 
 
In Fig. 3 we plot the projection of )(rC

for the 3D LJ mixture onto the xy plane. We find the 
shear stress correlations in the xy plane to be both anisotropic and slowly decaying.  The 
anisotropy of the stress correlations in the xy plane are characterised by a 4cos  symmetry 
with the positive correlation aligned along the diagonals of the xy plane of the simulation 
cell. The decay of amplitude of )(rC

 with respect to r along the diagonal is reasonably 
modelled as 1/r
2
 (see Fig. 4).  In the 2D mixture, the atomic shear stress correlations exhibit 
the same anisotropy and decay with respect to r (see Fig. 4 and 5). 
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Figure 3. The plot of the atomic shear stress correlation function )(rC

projected onto the xy 
plane for the inherent structures of the 3D mixture generated from a parent liquid at Tpl=0.60. 
The conditions and plotting conventions are the same as Fig. 2. 
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Figure 4. A log-log plot of the decay of ),( rC   with respect to r for 
4
 n in the 2D 
liquid inherent structures with Tpl = 0.40 (circles) and in the 3D liquid inherent structures 
with Tpl = 0.60 (squares). Note that the 1/r
2
 decay for the 3D liquid refers specifically to the 
decay of )(rC

after being projected onto the xy plane. Note the 1/r
2
 behaviour extends up to ~ 
5 particle diameters beyond which we see deviations that we associate with periodic 
boundary effects.  
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Figure 5. The plot of the atomic shear stress correlation function )(rC

as defined in Eq. 4 for 
the inherent structures of the 2D mixture generated from a parent liquid at Tpl = 0.365. The 
2D plot has been obtained by averaging over a thin slab in the vertical direction. 
 
3.2 CONTRIBUTIONS TO THE STRESS VARIANCE  
Previously [8], we established that the variance of the IS stress varied with system size as 
1/N.  This result is reminiscent of the central limit theorem result that would apply to the case 
where we are summing N uncorrelated atomic shear stresses. However, having just 
demonstrated that the shear stress exhibits a power law dependence, we are dealing with 
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anything but uncorrelated stress and, hence, the origin of the size dependence of  2xy  
represents a puzzle.  
 
Figure 6.  A sketch of the integration domains referred to in Eq. 5. The small filled circle 
represents the self term, the white dotted disk depicts the second term, that over which full 
angular averaging is possible and the shaded remainder of the cell corresponds to the third 
term in Eq. 5. 
 
To better understand the relationship between the spatial correlation is stress and the scaling 
with N, we shall resolve  2xy into three components (as depicted in Fig. 6), 
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where L is the length of the simulation cell, Lmax is the distance from the centre to a vertex of 
the cell and  )()(
i j
ijrrrn

 . The first term in Eq. 5 is the contribution of the 
individual atomic stresses, the ‘self’ term. The distribution of atomic shear stress for the 
inherent structures of the 2D and 3D liquids are found to be zero mean Gaussians with 
variances  2xys that display only a weak dependence on Tpl  as shown in Fig. 7. The second 
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term in Eq. 5 is the contribution from the local correlations in the atomic stress. In Fig. 8 we 
plot the radially averaged stress correlation function out to a distance L/2 for a number of 
different system sizes. We note that the stress is anti-correlated with the nearest neighbours 
and the angular averages stress correlations decay within 3-4 atomic diameters. The short 
range of this correlation, relative to that shown in Fig. 3, reflects of the angular averaging 
over the positive and negative components of the angular distribution.  We find no significant 
dependence of this decay length on Tpl. For values of r > L/2, where L is the length of the 
simulation box, this angular averaging can no longer be carried out. Due to the square shape 
of the simulation cell, the angular averaging over these distances will be restricted to the cell 
‘corners’. We have separated out this contribution to  2xy as the third term in Eq. 5 
 
12 
 
Figure 7. The variance of total shear stress (open symbols) and atomic shear stress (filled 
symbols) in the 2D (circle) and 3D (square) inherent structures as a function of Tpl, the parent 
liquid temperature. 
 
Figure 8. The angular averaged atomic shear stress correlation function C(r) for the inherent 
structures of the 3D liquid at T = 0.60. The results for a number of different system sizes are 
shown. 
In Fig.9 we present the value of N  2xy  resolved into these three components for a range 
of system sizes. We find that they all contribute significantly to the overall magnitude of 
shear stress fluctuations of the inherent structures, with no individual contribution showing 
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any significant dependence on system size N, i.e. each individual contribution to  2xy  
scales as ~ 1/N.   
 
 
Figure 9. The contributions to the overall shear stress variance of the three components 
identified in Eq. 5; i.e. the self (1st term), local (2nd term) and long-range (3rd term) for 3D 
liquids of different size with Tpl = 0.60. The dashed lines are only to guide the eye.  
 
3.3 THE ORIGIN OF THE ANISOTROPY OF THE SHEAR STRESS 
CORRELATIONS 
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Previous studies [12-16] of the strain correlations in liquids sheared in the nonlinear regime 
have reported on the extended strain fields associated with local reorganization events, 
correlations related to Eshelby’s [17] calculations of local distortions in an elastic continuum. 
In this paper we have established that anisotropic stress correlations are a property of a 
quiescent liquid. A similar observation has been recently reported by Wu et al [18].  
Chattoraj and Lemaître [19] and Lemaître [20] have reported the presence of analogous 
anisotropies in the non-affine strain in a liquid undergoing Newtonian (i.e. linear) shear flow. 
Since linear behaviour implies that the response is that of the equilibrium liquid, it makes 
sense that the cos(4θ)/r2 strain correlation observed under the linear shear flow is actually the 
correlation of the equilibrium liquid, as shown here. In  refs. [18-20] the authors argue that 
the anisotropic strain correlations are the results of accumulated Eshelby-like rearrangements. 
We shall argue here that this is not the case.   
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Figure 10. The average value of the atomic shear stress sxy as a function of the angle  θ 
between the principal stress axes and the x axes of the inherent structures of the 2D liquid 
with Tpl= 0.40. The points of maximum magnitude correspond to the diagonals π/4 and 3π/4. 
The curve is well represent by sin θ supporting the assertion that the principle stress axes is 
randomly oriented.  
 
If the observed angular correlation is not the result of an accumulation of Eshelby events, 
where does it come from? A complete description of the stress in the plane on an individual 
atom is provided by the 2x2 stress tensor. The difference between the eigenvalues of this 
tensor correspond to the maximum value s

of the shear stress one can obtain for that atom by 
rotation of coordinates. (The constant volume constraint introduces a constraint on the trace 
of the total stress tensor. We have assumed here that the impact of this global constraint on 
the individual atomic stress tensor is negligible.) The principle stress axes for each atom u

 is 
defined as the eigenvector associated with the maximum eigenvalue. If we assume that the 
magnitude of s

is independent of the orientation of the principal stress axis, then it would 
follow that the maximum magnitude of <sxy> will correspond with those cases where an 
atom’s principal stress axis u

is aligned along the positive and negative xy diagonals. To test 
this we plot <sxy> against θ, where xu

  = cosθ, in Fig. 10. We find that the maximum 
amplitude of <sxy> does indeed occur at the diagonals, θ = π/4, 3π/4. Furthermore, the 
dependence of <sxy> on the orientation of the principal stress axis is well described by sinθ 
indicates that u

 is randomly oriented. We conclude that, rather than the accumulation of flow 
induced Eshelby events,  the anisotropy of the stress correlations is a simple geometrical 
consequence of the use of an arbitrary lab fixed frame to characterise the shear stress of 
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atoms whose principal stress axis are randomly oriented with a magnitude s

uncorrelated to 
the orientation. 
 
Figure 11. The mutual alignment  ji uu

 of the principal stress axes on adjacent atoms as 
a function of the cosine of the angle between iu

 and the vector between particles i and j. The 
peaks at -1, 0 and 1 indicate the maximum alignment of the principal stress axes on adjacent 
atoms occurs when the two vectors are aligned collinearly. The data is for the same system as 
described in Fig. 10. 
 
The 1/r
2
 decay of stress correlations along a given direction is consistent with the results of 
strain correlation in an elastic continuum [17]. On the level of the network of forces between 
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neighbouring particles, we note that the local potential energy condition that requires that the 
net force on each particle vanishes results in a tendency of the principle stress axes to align 
into extended chains. To see this we have calculated  ji uu

 , where particles i and j are 
neighbours, as a function of  iji ru
ˆ
where ijrˆ

is the unit displacement vector between the 
neighbours and find (see Fig. 11) that the alignment of the stress axes has maxima when the 
stress axes lie along ijrˆ

, the condition for a chain-like correlation. 
4. ON THE PHYSICAL SIGNIFICANCE OF INHERENT STRUCTURE STRESS 
We have demonstrated here that the inherent structures exhibit the long range correlations 
characteristic of any elastic solid. In ref. 8 we argued that the IS stress was itself a 
manifestation of this correlation, arising as a consequence of the boundary conditions 
imposed in the simulation. Recently Fuereder and Ilg [21] have presented a derivation of the 
observed 1/N dependence of the IS stress variance in which the behaviour is explained as 
arising from the stress of atoms located near the edges of the simulation cell. This intrusion of 
the machinery of the simulation method into the physical fluctuations of the liquid deserves 
some comment.  It is a basic notion of statistical mechanics that the choice of constraints 
determine the fluctuations one can observe. If we wish to study fluctuations in the shear stress 
then we must constrain the strain. It follows that the algorithmic machinery by which that 
constraint is applied (in this case, the fixed shape of the simulation cell) is an unavoidable 
feature of the calculation of the statistics of the stress fluctuations. 
If we accept, then, that the IS stress and its statistical distribution is an intrinsic property of 
the energy landscape that a liquid explores, what physical aspects of the liquid does it 
influence? At high temperatures, the high mobility of particles renders the inherent structures 
irrelevant to the liquid properties. It is in the viscoelastic regime of supercooled liquids that 
18 
 
the IS stress can influence the observed properties. In this regime, the stress relaxation 
function (a time dependent modulus) G(t) is given by [22], 
 )()0()( tVtG          (6) 
Eq. 6 is only valid when the time scale used to carry out the averages is long enough that zero 
frequency shear modulus G0 = 0, the condition that we are considering a liquid. In ref. 8 it 
was suggested that the plateau modulus G(tp), where tp corresponds to a time on the plateau 
of the stress autocorrelation function <σ(0)σ(t)>, could be approximated by 
 2~)( ISp VtG           (7) 
If the IS stress does indeed influence the plateau modulus and, hence, shear viscosity of the 
viscoelastic liquid then the long range correlations described here might give rise to some 
influence of the shape of the simulation cell. It is possible that these long range correlations 
are ‘screened’ by thermal fluctuations as discussed in ref. 18.  
 
 
5. CONCLUSION 
In conclusion, we have demonstrated that the atomic shear stress in the inherent structure of a 
quiescent liquid exhibits slowly decaying anisotropic correlations. We have shown that the 
anisotropy follows from the choice of the lab-fixed reference frame to define the shear stress. 
The slowly decaying character of this correlation reflects the correlations embedded in the 
force network in which forces must be balanced on all particles (i.e. the condition of a local 
potential minimum). We find that the shear stress of an inherent structure arises, in roughly 
equal parts, from a contribution of the atomic stress and their short range correlations and a 
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size-independent long range contribution arising from the incomplete angular averaging in 
the ‘corners’ of the simulation cell.  In contrast to previous authors [18-20] who attribute the 
anisotropic pattern of stress correlations to the elastic response to local rearrangements a la 
Eshelby [17], we have argued here that this pattern is the consequence of a random 
distribution of local principal stress axes projected onto the lab-fixed Cartesian reference 
frame and that the introduction of Eshelby ‘events’ is not required. What is clear from this 
and these previous studies, is that Frenkel’s allusion [2] to the rigid state that underlies the 
liquid has real substance and that the interplay of the long range correlations of elasticity and 
the stress relaxation associated with viscosity in viscoelastic liquids remains to be fully 
understood. 
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